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THE DEVELOPING LUNG

This research examines the
pseudoglandular stage of
vertebrate lung development
and the role of two gene
proteins in branching
morphogenesis: Fibroblast
Growth Factor 10 FGF10 and
Sonic Hedgehog gene SHH.
These proteins form a
feedback loop.["]

Figure: Human bronchial tree of adult
male, color coded.
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THE DEVELOPING LUNG
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THE DEVELOPING LUNG

Applications to lung regeneration
and disease research:

Congenital Diaphragmatic Hernias
(CDH) causes hypoplastic lung
development in the fetus. There is
currently no treatment to
encourage continued branching
growth postpartum.2

Figure: Left-sided CDH in infant
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ANALYSIS APPROACH

Reaction-Diffusion Equations
94 = DyAu + f(u,v)
P = DyAV +g(u,v)
L
Turing Instability Regions

The system is stable without the diffusion terms.
The system is unstable with the diffusion terms.

Pattern Formation Model
The deviation from homogeneity yielding a domain
with nonuniform concentrations of morphogens!3!
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ANALYSIS APPROACH

Schnakenberg4 considered a simple kinetic model for a
reaction-diffusion system that emphasized the activator-
depletion relationship between two morphogens:

XE:F IF+§ -, 3F y Xy g

2

F(r,¢,0,t) is the activator concentration for the FGF10 gene.
S(r,¢,0,t) is for depletion substrate, or the SHH gene.

And X and Y are precursor substrate concentrations.
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ANALYSIS APPROACH

This analysis will replace the diffusion term in the classic
reaction-diffusion model with the surface Laplacian Ar, defined:

Aru=Vr-Vru with Viu=Vu—(Vu-n)i

The resulting hybrid model of a reaction-diffusion system on the
surface of a sphere is given by:

F = DFArF + Ry — RoF + R3PS

S = DsArS + k, — RyF?S
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ANALYSIS APPROACH

diffusion rate constant degradation autocatalysis
— = = fd?
== DFAFF + k1 - kzF + k3FS
S = DsArS + Kk, — ksPS
SN—— ~——
diffusion rate constant autocatalysis

Diffusion Net movement of substrates
Rate Constant Precursor substrate production of FGF10 and SHH
Degradation FGF10 is catalyzed to a precursor substrate
Autocatalysis FGF10 uses SHH for self-production
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STABILITY WITHOUT DIFFUSION

Using scaling substitutions, we get:

ki |Rs ks B
me Phye 0T =k
F=ArF+v(a—F+FPS) =ArF++f(F,S)

S=0ArS+7 (8- FS) = §ArS + v s(F,S)

Eliminating the diffusion terms, the fixed points are:

)= (a+8. 5 7m)
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STABILITY WITHOUT DIFFUSION

To determine stability a perturbation is made:

F=F+¢cF — erl:_tzvf(F*+sl~:)
S=S5"+eS§ — S=c5=~55"+¢9)

With some substitutions and a Taylor expansion:

R\ (feF.s) fs(Fr.sn)) (F :
<§t> _7 (SF(F*,S*) SS(F*,S*)> (g) +O(€ )
Or more simply:

W= JW
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STABILITY WITHOUT DIFFUSION

The Jacobian is evaluated to be:

25

]* _1+Tﬁ (OZ+B)2
243 5
-2 —(@+h)

Yielding the eigenvalues:

AV((BM) (0t B) = \/(Z;g+(a+ﬁ)2) a(aw)z)
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STABILITY WITHOUT DIFFUSION

Stable parameters: 3 —a < (a+ 3)3

T
Stable Region
—— Hopf Bifurcation
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(a) Stability region for o and 3 values




THE EIGENVALUE PROBLEM

Without diffusion, there was W = ~ J*W. With diffusion:
W = DArW + ~ J*W
To turn this into a linear system:
W=XW and AfW=—-RW
This yields the eigenfunctions for W:

eM, PM(cos¢), and €M™ with m=0,1,2,.. and n>m

Leaving the linear system:

AW = —DRRW + ~J*W
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INSTABILITY WITH DIFFUSION

The parameter constraints for instability with diffusion are:

det(—DR* +~J* —A) =0 and I Re[\(R?)] >0
Which gives the characteristic equation:
XN = Ay (ff +s5) — RP(1 +6)] + h(kR*) =0
Where h(R*) = 5R* — ~ (6fF + Ss)R* + ~y det(J*)
For instability:

R]MR?)] >0 — v (0fr +s)R? > 6K* + ~ det(J*)
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INSTABILITY WITH DIFFUSION

Therefore, SHH must diffuse faster than FGF10
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ANALYTICAL SOLUTION

Here is the analytic solution to the eigenvalue problem.

W(¢,0,t) Z ZAm,,-e“-v;,”@,e)

m=0 n=m

With

Jo 7 (5) Ym(,0) sin ¢dode
Jo [T IYm (e, 0)]2 sin pdOde

Amn —
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SURFACE DIFFUSION PATTERNS
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Figure: R=100, « = 0.1, 8 = 0.9, § = 10, v = 41!
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SURFACE DIFFUSION PATTERNS

Figure: r=20, &« = 0.1, 8 = 0.9, § = 20, v = 0.5
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SURFACE DIFFUSION PATTERNS

Figure: r=40, a = 0.01, 8 = 1.2, § = 10, v = 0.1

Geneva Porter San Diego State University, Applied Mathematics



NEXT STEPS AND FUTURE WORK

Thesis Goals:

m Examine model on the
mesh of a human lung

m Use surface finite element
method for numerical
solutions

m Solve on growing domain <

Figure: 3D model of left lung
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